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Definition

A linear operator T is said to be hypercyclic if there exists a vector
x ∈ X such that its orbit by T is dense in X .
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Definition

A linear operator T is said to be supercyclic if there exists a vector
x ∈ X such that {T n(K.x), n ∈ N} = X .
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Proposition

Let X be a separable Banach space and T a hypercyclic operator
on X . Let (Ui )i∈N be a countable basis of open sets. Then the set
of hypercyclic vectors for T can be described as follows :

HC (T ) =
⋂
i∈N

⋃
n∈N

T−n(Ui ).

In particular, HC (T ) is a dense Gδ-set of X .
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Proposition

Let X be a separable Banach space and T a supercyclic operator
on X . Let (Ui )i∈N be a countable basis of open sets. Then the set
of supercyclic vectors for T can be described as follows :

SC (T ) =
⋂
i∈N

⋃
n∈N
λ∈K

(λT n)−1 (Ui ).

In particular, SC (T ) is a dense Gδ-set of X .
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Moreover, Ansari proved the following result :

Proposition

Let k be a positive integer. Then T is hypercyclic if and only if T k

is hypercyclic.
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Proposition

Let k be a positive integer. Then T is supercyclic if and only if T k
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Definition (Feldman, 2002)

A linear operator T is said to be n-supercyclic, n ≥ 1, if there
exists a linear subspace of X with dimension n such that its orbit
by T is dense in X .
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supercyclicity
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2− supercyclicity
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...
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A 2-supercyclic rotation in R3 :
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Question

Is the set of n-supercyclic subspaces a dense Gδ-set ? ? ?

• In which space ?
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Open Question

Let k be a non-negative integer. Is that true that T is
n-supercyclic if and only if T k is n-supercyclic ? ? ?
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Definition (Feldman, 2002)

A linear operator T is said to be n-supercyclic,
n ≥ 1, if there exists a linear subspace of X with
dimension n such that its orbit by T is dense in
X .

Definition (Shkarin, 2008)

A linear operator T is said to be strongly n-supercyclic, n ≥ 1,
if there exists a linear subspace L of X with dimension n such
that for every k ∈ N, the subspace T k(L) has dimension n
and the set

{
T k(L)

}
k∈N is a dense subset of Pn(X ).
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strong n − supercyclicity

!)KKKKKKKKKKKKKKKKKKKKKKKK

KKKKKKKKKKKKKKKKKKKKKKKK
hypercyclicity

��
supercyclicity
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n − supercyclicity
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Proposition

The following assertions are equivalent :

(i) T is strongly n-supercyclic ;

(ii) There exists a subspace L with dimension n such that (T k(L)
has dimension n for all k) :
∪∞i=1T

i (L)× · · · × T i (L) is dense in X n.
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Proposition

The following assertions are equivalent :

(i) T is strongly n-supercyclic ;

(ii) There exists a subspace L with dimension n such that (T k(L)
has dimension n for all k) :
∪∞i=1T

i (L)× · · · × T i (L) is dense in X n.

(iii) ∀U ⊂ Pn(X ),∀V ⊂ X n non-empty open sets,
∃i ∈ N : (⊕n

k=1T )i (π−1n (U)) ∩ V 6= ∅.
Moreover, ESn(T ) is a dense Gδ set of Pn(X ).
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Theorem (Shkarin, 2008)

Let k , n ∈ N∗. Then T is strongly n-supercyclic if and only if T k is
strongly n-supercyclic.
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Theorem (Bourdon,Feldman,Shapiro, 2004)

Let n ≥ 2. There is no k-supercyclic operator on Cn

with 1 ≤ k < n.
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Theorem (Bourdon,Feldman,Shapiro, 2004)

Let n ≥ 2. There is no k-supercyclic operator on Cn

with 1 ≤ k < n.

Theorem

Let n ≥ 3. There is no strongly k-supercyclic
operator on Rn with 1 ≤ k < n.
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Corollary

Let S be an operator satisfying the Hypercyclicity Criterion on a
Banach space Y . Then, T = Id ⊕ S is a strongly k-supercyclic
operator on X = Kn ⊕ Y if and only if k ≥ n.
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Theorem

Let X be a Banach space which admits a normalized unconditional
basis (ei )i∈N for which the forward shift operator is continuous.
Then, there exists a supercyclic operator which is not strongly
p-supercyclic for any p ≥ 2.
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Theorem (Feldman, 2002, The Circle Theorem)

If T is a n-supercyclic operator, then there exists n circles
Γi = {z : |z | = ri}, ri ≥ 0, i = 1, . . . , n, such that every connected
component of the spectrum of T intersects ∪ni=1Γi .

Theorem

Let T be a strongly n-supercyclic operator on a Banach space X .
Then, there exists two linear subspaces, F with dimension ≤ n and
X0, invariant for T such that X = F ⊕ X0. There exists also R ≥ 0
such that every connected component of the spectrum of
T0 := T|X0

intersects the circle {z ∈ C : |z | = R}.
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Muchas Gracias !
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